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Second-Order Circuits
Chapter 8

8.1 Examples of 2nd order RLC circuit
8.2 The source-free series RLC circuit
8.3 The source-free parallel RLC circuit
8.4 Step response of a series RLC circuit
8.5 Step response of a parallel RLC



8.1 Examples of Second
Order RLC circuits

What is a 2nd order circuit?

A second-order circuit is characterized by a second-
order differential equation. It consists of resistors
and the equivalent of two energy storage elements.
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An RLC circuit contains both an inductor and a capacitor
e These circuits have a wide range of applications, including

oscillators and frequency filters
e They can also model automobile suspension systems, temperature

controllers, airplane responses, etc.

RLC circuits

A verv common use of inductors is as part of a tuned circuit. For instance, each slider on a graphic equalizer selects out a range of frequencies from
the audio spectrum, and controls how much gain there should be for those frequencies. A later stage recombines the various frequency bands.

RLC (Resistor-Inductor-Capacitor) circuits are a common way of extracting a frequency range. Here's part of a tvpical circuit:
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8.2 Source-Free Series
RLC Circuits (1)

R L )
e The solution of the source-free

series RLC circuit is called the
natural response of the circuit.

W,
ﬁ) @: & o .
% : e The circuit is excited by the energy

initially stored in the capacitor and
inductor.

The 2nd d?i R di i
order of d’[z Ldt LC

expression

How to derive and how to solve?



Series RLC circuit

v(®) L

Figure 1. RKLC series circuit

V - the voltage of the power source
| - the current in the circuit

R - the resistance of the resistor

L - the inductance of the inductor

C - the capacitance of the capacitor

Derivation

From KVL,

vp + v + v = 11(1‘.)

where U, UL, , U are the voltages across R, L and C respectively
and ¢ (f) Is the time varying voltage from the source. Substituting in the
constitutive equations,

R(y+aﬁ+€/ ) dr = v(t)

For the case where the source is an unchanging voltage, differentiating
and dividing by L leads to the second order differential equation:
d?i(t)  Rdi(t)

i +Ldt+LC(%w

This can usefully be expressed in a more generally applicable form:
Lilt) o B |2 g
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8.2 Source-Free Series
RLC Circuits (3)

There are three possible solutions for the following
2nd order differential equation:

dii Rdi i
+ +—=
dt> Ldt LC

Matod o
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dt2 dt 0 wnere a 2|_ an COO LC

General 2nd order Form

The types of solutions for i(t) depend
on the relative values of o and o.



To solve (1) _+2a%+%. 0

e Assume a solution of the form
i(t) = Ae®

® Then ﬂ:SAeSt and d_zi:SZAeSt
dt dt?
e Substitute into (1), s°Ae” +2asAe™ +w,Ae™ =0

e And divide out the common terms
to get s*+2as+a;=0 (the characteristic eqgn)

e Solve for s:

S:—ai\/az—a)oz

8
e s has either 2 real, 1 real, or 2 complex solutions



8.2 Source-Free Series
RLC Circuits (4)

There are three possible solutions for the following

2nd order differential equation:

—+2a—+a)0i=0 05=i and a)0=1/i /\
d 2L LC ,

1. If a > ®,, over-damped case

|(t) = Aieslt + Azeszt where S, =—0{i\/0(2 —a)o2

2. If a = o, critical damped case / 0
i(t):(Az_|_A1’[)e_0‘t where § ,=—«

(b)

3. If a < ®,, under-damped case \

0 \_/ L
I(t) :e_at (B]_ COS a)dt + BZ sSin a)dt) where @, = 1/&)5 — 0[2 o «—%,E/*—‘




Table 1: Natural Response of Series RLC

Circuit R L
'\n.fn".v'"‘.'ﬁv %Uﬂ
L
+
Q v, ==
Diff-E >
; dhi+"’a(ﬁ+(oli 0 R d !
7 et = o =— I D =, ——
e~ dr 21 “\Zc
Damping Over: o < o Under: @} > o? Critical: @} = o

Form of Soln

L(f) = A'l E?slt + Azgszt

i(t) =

e "t (B,cos w4t + B,sin wyt)

E(t) = Alt e_lxt'l' AEE’_Kt

Roots s,= —ata’— @ S12= —a+jwg , 17 @ et | 5, = -
Boundary (0+)=A4;+A4, i(0+)=8B, i(0+)=A4,
Conditions 4i(0 +) di(0 +)
i(0+ i(0+ i
di — = Sln‘ql + SZAQ dt = _a'Bl + (:;’de dl(dﬂt_l_) = A]_ - Q’AZ

10




1a) Source-Free Sel;ies RLLC

IfR=10¢,L=5H, and
C=2mF, find a, ®, Sl e
and s2. ¢ 4

What type of natural -
response will the circuit

have?
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Answer: underdamped



1b)determine the qualitative form of the response as being
either overdamped, underdamped, or critically damped.

20 mH
v(t) —— 1 uF
Overdamped
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Critically damped
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2) Source-Free Serles RLC

|
The circuit shown has reached steady state PN
at t = 0-. The capacitor is uncharged. Mz L
If the make-before-break switch moves to
position b at t = 0, calculate i(t) for t > 0. v @ li(ﬂ §
‘ - 50
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m Ihlucl-\.v Lhw i VLt Lé%)_ —9 ‘J”‘L(O*)T VL(UQ-)
dt IE

y
¥
Rlow cb at 5wt =1, «C =\,
- Y
L O
V68 +0 6o e Le o s
)= —asV o (U 2R
+ — —
v (do—vu Lo (o¥) = VL.CO") -2‘5"27/#/5 §A} +
¢ ‘
2) Solw for By Ba (‘i:,:‘;i‘;
B) = )L(°+) =
__b("%\ + wlB& = CLSL-(0+> = -Q{A'/S
d+ .
"@’5’>(5> F(LeS§) B = —2S5 Ba = ’%‘;g = — (5%
L’B Counpile Soloton 3. = 'l‘gt( Scos less ¢ — 1.537 s@t.@;&é}

14
Answer: i(t) = e 2-3t[5c0s1.6583t — 7.538sin1.6583t] A




t =0:0.01:4
f=exp(-2.5*t ) *(5*cos(1.6583*t)-7.538*sin(1.6583*t));
plot(t f)

File Tools
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plot(t(2:end),diff(f)./diff(t))

File Tools
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8.3 Source-Free Parallel
RLC Circuits

R

The 2nd order
equation

-+

Let

i(0)=1, :%iv(t)dt

v(0) =V,
Apply KCL to the top node:

jvdt+c W

dt

Taking the derivative with
respect to t and dividing by C

dv 1 dv 1

—+ +—Vv=0
dt= RCdt LC

17



8.3 Source-Free Parallel
RLC Circuits

There are three possible solutions for the
following 2nd order differential equation:

d@/dv 1 —

&t RCdt LC"
where
d°v dv
>—+20£—+a)OV—O 05L and a)ozi
dt? dt 2RC LC
General 2nd order Form L os  Senw st olawe

)

)
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2L

The types of solutions for i(t) depend
on the relative values of o and o. 18



8.3 Source-Free Parallel

RLC Circuits

There are three possible solutions for the
following 2nd order differential equation:

, ;
d—;/ + 205ﬂ + wiv =0
dt dt

vit)a

1. If o > ®,, over-damped case

V(t) — A& eS1'[ +A2 eszt where §;,= o /052— 0)02 / :

2. If o = o,, critical damped case
v(t) = (A, +At) e where S, =—«

3. If o < w,, under-damped case 7

v(t)=e (B, cos ot +B,sinw,t) where w,=+0?—-«

vit)d

19




Table 3:

Natural Response of Parallel RLC

Circuit v
-]
+ ¢ + ¢
L ! E
ol - v L 535 $ In o & == \i,
I - 1 [1
Diff-Eq % 20 g @v =0 where a= and @, =,]—
dt” dt 2RC IC
Damping Over: &g < o Under: @f > o Critical: @} = o

Form of Saln

V(1) = A4 €7+ A4, e

v(1)=€ “ (B, cos @, + B, sin @,t)

v(t) = (4, +4ne™

Roots

——— [ — mﬂi S,= —atjo, , D= @y —a’ Sy, = —&
Boundary v(0+)=A;+ 4, v.(0+) = B; v(0+) = A;
Conditions | _ ‘ _
dult:iﬂt—l—] _ lc(g—l—) _ A, + 5,4, dv(0+) _ic(0+) _ 4B, + B, dv(0 +) _ ic(0+) _

dt C

i o A — ol

20




3) Source-Free ParaIIeI RLC Circuit
Find v(t) for t > 0.

) Fad °( We ¥ éﬂvw‘plv‘b L-»CLauLm
+
- | = = GZ{ o -
v ;TRT, 7_(,_,3( 00»\3 2A 0 4 mF ——f
Wo= = = m ) =
°” y/4 to(- oo“)
< L s = —= 1Yot | = —62543 5= LS
A Suwe — O“MAQ'WM — _ = -¢. zy-g’))’:-lo

2.

2) Selie for ikt Gudidons DV(ot) « L) a:io‘f)

a}) \/(OF)E \)(O-> = OV ((inu chor 8 a Slnd at ¢ =°,>

C'apacelor Rebisw Ce& » l
\ : a t=o- .
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‘,) (‘krac\va LW . )'( -— C AVC ﬁ é\’c(°*\ — )'((ol-)

d& Z? T
Podraw Cb abk £=0' Wl L>I, « C > V.
t=of

KCL I 1 ( +
> (o%) = —aA " u’k(o )
- w2 <¥> oY
d Ve t\ = —2A =.——s'ooVS - 2A
Ve (1) = 24 A A

d€ OfF —— oAl

3) Selwe G A AL (5 bl huedoot)
A +A, = N(*t) =0 — A= "At}

S(A\+ 52{\1: %%(c*) = -S00 =—= —Z‘S’A"_LQAL
oA, —2.5a = —500, T SAT-S0 , A ==06667,
| A, = +66-677
L’B ASSG\»LQ( ‘G\/mQ SO\Q“‘U»\, - e ok
u(€) = ke = (667 t6b6Te

22
Answer: V(t) = 66.67(e 19t — e=25t) Y




t =0:0.01:4,;

f = 66.67*(exp(-10*t)-exp(-2.5*t)) ;
plot(t,f)

axis([0 3 -35 5])
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8.4 Step-Response Series RLC

e The step response ‘= 0)( sl ,U{ﬁ\_.
is obtained by the .
sudden application v. @ gEp
of a dc source.
KVL _ '
Vs =RI+ Lﬂ+v But | = cﬂ Substitute, div by LC
dt dt
The 2nd d’°v Rdv v v,
order g’ Ldt LC LC
expression

The above equation has the same form as the equation for
source-free series RLC circuit.
e The same coefficients (important in determining the
frequency parameters).

24
e Different circuit variable in the equation.



8.4 Step-Response Series
RLC Circuits (2)

The solution of the equation should have two components:
the transient response vI(t) & the steady-state response vg(t):

V() =V, (1) +V,, (1)
e The transient response v, is the same as that for source-free case
Vv, (t)=Ae* + Ae™ (over-damped)
vV, (t)=(A +At)e ™ (critically damped)

v, (1) =€ (A cos o, + A, sin ,t) (under-damped)

e The steady-state response is the final value of v(t)
> v )= v()
e The values of A; and A, are obtained from the initial conditions:
> Vv(0) and dv(0)/dt. 25




Table 2: Step Response of Series RLC

Circuit o R 7 i
it 7§ Yy —
+
V,c (ﬁ) (G === 1)
2
. dv Rdv v v
Diff-Eq —t——+—= S_T .::g:i and @, = L
dt~ Ldt LC LC 2L LC
Damping Over: @&} < o Under: «f > & Critical: @ = &

Form of Soln

v(®) = v(w) +
Alﬁ’slt + Azﬁ?szt

v(t) = v(ee) +
e “I(B,cos w4t + B,sin w,t)

v(t) = v(w) +
Ajte “t+ A,e ™t

Roots S.=—at faz_ moz S.= —atju, @, z\fms —a’ S, = —&
Boundary v(0 +) = v(w) + Ay + 4, v(0+) = v(=) + By v(0+) = v(e) + 4,
Conditions (0 +) v (0 +)
viO+ v(0 + dv(0 +
Tar St a Bt @b fﬁ ) 4 —an,

26




4) Step- Response Series RLC

i & 23H 10Q
Having been in position a for Ak O—— L TN =—AARA
a long time, the switch in the }Czo = o

v
circuit below is moved to .
position b att = 0. Find v(t) [,y @
and vg(t) fort > 0.

Bﬁhi o, Wo + dawmpuis belais
X = _E_ = 1° = Wo Sk \30‘/\.])«&,‘“(:24

= _\__ = . = wétrwoz"’(z — 3""’6
P T Jic ()= g —
2) Sole for  fmitiad vt condfuns 9 % (o™ g)d"c(o*) e (o

Relows ek & £=07 [ \E —
. 7.(0™)

+

2.0 %F:: Ve IOV

<) ocgcﬂ: \)C_CO‘S o oy 2 o

z“\ S’\( - @ X

7LCO+> = )LCO ) =
27
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\,\ J\)c (o‘\ - D 4" Redvaw
FEy oL Cda> B—’C)—N\M—
+)\oV

cC — gV
L_—oOoR
dVe(ot) = 0 -
C.B \’C_C O°3 = loV ‘zQ,JVW
cor ok * lol/
C —> oper— ¢ = oo Vel o)
L —> slow L

2) Selee o B0 By
\)Co‘f\ = vém)-{— B, — B, = u[o*§~oéo°§=%—\o=-3i

—

A'\)«'—C'Dﬂ =0 = — B+ wiR, = —(LY—zS +3467%, =0
=* By= 4. =—IIs
- 2.6
L/B ASSZW\g(e “:‘W.Q Sb\,o\—uvw
—<t
\')C, (‘EB — UC OOB-" C (B‘Ce5 wé& + E Slh UOJ'EB
- | O + S ze(—% cos (3 ‘-16€> S (S"SI\-\C346‘€§B

Jelty= Roc(= RSV
Answer: v(t) = {10 + [(—2c0s3.464t — 1.1547sin3.464t)e-2t]} V
Vi(t)= [2.31sin3.464t]e %t V




o —hrt
o Il
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:0.01:
+(2
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KA

\ o\\é

4
*cos(3 464*t)-1.1547*sin(3.464*t))*exp(-2*t);
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8.5 Step-Response Parallel
RLC Circuits (1)

e The step response |
is obtained by the
sudden application
of a dc source.

The 2nd dii 1.di i I

+ +—=
order dt? RC dt LC LC
expression

It has the same form as the equation for source-free parallel
RLC circuit.
e The same coefficients (important in determining the
frequency parameters).
e Different circuit variable in the equation.



8.5 Step-Response Parallel
RLC Circuits (2)

The solution of the equation should have two components:
the transient response iI(t) & the steady-state response ig(t):

i(t)=i, (t)+i.(t)
e The transient response I, is the same as that for source-free case
i (t)=Ae" +Ae™ (over-damped)
i ()=(A+At)e™ (critical damped)
I, (t)=e"“ (A cos oyt + A, sinamyt)  (under-damped)

e The steady-state response is the final value of i(t).
> i) = i(o) =1
e The values of A, and A, are obtained from the initial conditions:
> i(0) and di(0)/dt. 31




Table 4: Step Response of Parallel RLC

Circuit ¢ ;
Y +
@ opd #E 13 oo
3. ) .
Diff-Eq df+ ! £+ A where «a = and f;—JDz.fi_
dt- RCdtr LC LC 2RC LC
Damping Over: &} < o Under: @ > o Critical: @ = &

Form of Soln

i(t) = i(0) + Ajesit + Ayesat

i(t) = i(o) +

e "t(B,cos wyt + B,sin wyt)

i(t) = i(o) + Ajte ™"+ Aje™™t

Roots s,= —atai- @ S,= —atjw, , @ =\, —a’ | 5, =—a
Boundary i(0+) =i() +4; +4; i(0+) =i() + By i(0+) =i(o) + 4,
Conditions

di(0+) B v, (0+)

dt I = §;4; + 5345

di(l0+) v, (0+)
i L

= —aBy + @yzB-

di(0+) 3 v (04) B
dt L

A, — oA,

32




5)Step-Response Parallel RLC Cct

given v (0-)=10V, and switch ' ' o
has been open a long time e .
before closing at t=0 5¢ 24 i(0) | 3, vo(t) —— 1mF

v

)‘CMA SANNRE daup(v«)
(

— -—

——’——_’——- -

lso ) -
2 RC 2(5)(. co') % W = o — C',\:;\L:/@—A -D%‘-'F_Q.OL

= | = Jloo

e ey

«Q d7 f N Beb o ) ) (oo)
z> Sole o Tt ¢ et cond chens 2 (& 3,: RIS

<) >, (ot) = QQLM@— E=ot Q_NO)\.—»‘&
l’B d (o)~ VLCN\
dt zA\ICO*B loV
V%) =N (o’“)*(h\/ C%
A_\,_ (o*’) — \DV
a6 o

C> %LC m\: 2 A
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_5> Sulw v Ay s CHhLL) |
‘;L(O{'S = A’z ¥ 7‘1..[6"3 ) A7.= >L.£°+>-')LC°°3:O

i (o1 = Ay =Py = 100, A, = 100
e

~

1) Assenile frok Sslube

5,__({;) = 3,,(“5 + '41 te

— -
= 2+ 100¢ge '°F

0.00 0.02 0.04 0.0 0.08 0.10
|, Set

Answer: I, (t) = 2 + 100te-190t,  t>0

34



©6) Determine the Initial value of Vr(t), and
dVr(t)/dt, and the final value of Vr(t)

i ()

R/AVQ}D Cw?.,]L 4{', ‘6 =0 ¥
'aaas e
+ . a2 ; r
v (t) —— 2F 30 0 (#) c Vo fot
\0‘(( 1) 35 _K )
v.(0) =10V
L) =2 Ole's Lawr |
i, (0)=2A Nolot) = 7K(°*> 2= GV
d\l = 2= = —.&.=—|l ‘
_d_{—:é("f) C_ 2 5 QVp (o") _ &-(JB 3
- & d &
ddc(ot) = Ve =7 < | Afs \
N - = do_ (o) (3D
5, (=) = © ( cope o) 1t

— ()3 =3 A s

— > £
Vr(0) = 6v; Vel = {,{walo
dvr(0)/dt = 3V/s; T (T35 =
Vr(infinity) = OV


http://www.rose-hulman.edu/CLEO/video/player.php?id=34&embed
http://www.rose-hulman.edu/CLEO/video/player.php?id=34&embed
http://www.rose-hulman.edu/CLEO/video/player.php?id=34&embed

7) For both the inductor current and voltage, determine their
initial values, the initial values of their derivatives, and their
final values. The capacitor has 9 ] of stored energy before the
switch closes.

s @"’”

0.1 H

A U]

0.6 2A .'[.!'] 3 r{f i b:f Zo Q \IL @é\/
\

| - |

W=-973= C_/_V_::' SV

C
(<
Z L

— \/ =AY Ve (0)=6V

Ve (g+) = 2 Sedot) = ok
i‘@ C, &S'F

”‘:_LO*\ = 2zA_
d‘3,_(°\’\: Jolo!) = Vc_(g)=%= @Ok/j
ot - \Ic,(o%”' oV

‘)L( ao\ = ?,’5
1.(0)= AA Uo7 = OV, (ot) =6V

dir,fﬂ.} = A CJ-"J' {’03
oS8 [ o0 /5 ~=13 -20 U/S

i{.(m): Q\A »U'L(Eb): C}V




Handouts
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1a) Source-Free Sel;ies RLLC

IfR=10¢,L=5H, and
C=2mF, find a, ®, Sl
and s2.

What type of natural
response will the circuit
have?

Answer: underdamped

38



1b)determine the qualitative form of the response as being
either overdamped, underdamped, or critically damped.

20 mH

vo(t) —— 1 uF 400 Q2

Overdamped

3iQ

1
2

F

’—’\/\/\«

T

ﬁ‘\rﬁ . II

‘{.r.“:' 2H 40

Critically damped



2) Source-Free Serles RLC

The circuit shown has reached steady state
att = 0-.

If the make-before-break switch moves to
position b at t = 0, calculate i(t) for t > 0.

50V @

i)

%]H

F

M 0o—||—
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Answer: i(t) = e 2-3t[5c0s1.6583t — 7.538sin1.6583t] A



3) Source-Free Parallel RLC Circuit
Find v(t) for t > 0. sy

!

) 20Q 10 H 4mF=—=v

42
Answer: V(t) = 66.67(e-10t — e-2.5t) VY
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4) Step- Response Ser|es RLC

Having been in position a for
a long time, the switch in the
circuit below is moved to
position b at t = 0. Find v(t)
and vg(t) fort > 0.

—Jwv»

2Q

| =
w0 E—

25H 10Q

O
W

+
v

411 '\/\/\/\/—
_I)R

10v
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Answer: v(t) = {10 + [(=2c0s3.464t — 1.1547sin3.464t)e-2t]} V
Vi(t)= [2.31sin3.464t]e %t V



5)Step-Response Parallel RLC Cct

given v (0-)=10V, and switch ' ' yo—

has been open a long time e .

before closing at t=0 5¢ 2A r'f.l;u* 0. (0) v(t) == 1 mF
46

Answer: I,(t) = 2 + 100te-190t, t>0
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©6) Determine the Initial value of Vr(t), and
dVr(t)/dt, and the final value of Vr(t)

i (t)

— -

4 H

vl t) —— 2F LRY vglf)

v.0) =10V
i,(0) =2A

Vr(0) = 6V;
dVr(0)/dt = 3V/s;
Vr(infinity) = OV

48
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http://www.rose-hulman.edu/CLEO/video/player.php?id=34&embed

7) For both the inductor current and voltage, determine their
initial values, the initial values of their derivatives, and their
final values. The capacitor has 9 ] of stored energy before the
switch closes.

t=0
o D
0.1 H
- .
0.6 2A ".r.[”l v, (t) ve(t) —”— 0.5F
1. (0)=2A Ji(o™) = OV, (o) =6V
dicld _ oA ol (0 —

i:.(m)t Q\A U () = oV




