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Consider a typical AC circuit

AC
SOURCE

o If we define
v(t) = V_ cos (ot +

1(t)= 1 _ cos (wt
e Then we can compute

i(t)

T

v(t) 4

LOAD

0,)
2

p(t) = v()i(t)=V,_I_ cos(wt+86,)cos(wt+6,)



11.1 Instantaneous and
Average Power (1)

e The instantaneous power, p(t)
p(t) = v(t)i(t)=V_I1_cos(wt+6,)cos(wt+6)

Constant power Sinusoidal power at 2wt

p(r) A

| i
o 7 vmlm COS(@I, 2 91')

|
N 0 4

L
L
2

p(t) > 0: power is absorbed by the circuit; p(t) < 0: power is absorbed by the source.



11.1 Instantaneous and
Average Power (2)

e The average power, P, is the average of the instantaneous
power over one period.

1 T 1
P== tydt==V_1_cos (6, -6
7 Jo POAt= 2V, 1, 0056, -6)

1. Pis nottime dependent.

2. When 0,=0,,itis apurely
resistive load case.

____________________________________________ 3. When 6,-6, =+900, it is a

Vil €05(0,-0) purely reactive load case.

4, P =0 means that the circuit
absorbs no average power.

~Y




Example 1

Calculate the instantaneous power and average
power absorbed by a passive linear network if:

P= LV T s(6v-03)

v(t) = 80cos (10t +20°)
— _l{_/(go )Clg} Cb':(Zo __.-'35) |(t) = 15sIn (10t-|—60 )

= \s’&ssé% F60™=90°
= 1Y s (lot —30°)

—  coo cos( 53°)
= 2857 w

’PéEB: 2557 + écocos(Zot+2.o+-Zo>
= 3857 t 600 cos (Zot-l°> w/

Answer: 385.7 +600c0s(20t —10°)W, 387.5W




Example 2

A current | =10£30°flows through an
impedance Z=20/-22°Q . Find the average
power delivered to the impedance.

= .[z \/W\ T Cas(@v'ei)
Vo2V = T2 =(0L30) (202722
— 266 LC;o_Q_z):Z,ooL?o
R ] ¢L2:@00>CL53 @5(20\3005

— 600 C=5 6'7"2'05
= G2>7.2 L l\vxo&lc». Hao 1 Sba\ag(o. 61;2!

Answer: 927.2W



11.2 Maximum Average Power
Transfer (1)

- ZTH — RTH + jXTH

Linear I 7
circuit - _ .
ZL - R L + J ><L

@) The maximum average power
can be transferred to the load if

X, ==X;y and R, = R,
" P _ |VTH|
O max 8 RTH

(b)

If the load is purely real, then R = \/RiH + X3, = \ZTH\




Example 3
For the circuit shown below, find the load impedance Z, that

absorbs the maximum average power. Calculate that maximum
average power. _i4Q 1100 )

b’FHUD Vad — Rewove & . \[\ AT 4/"2 |
V- @ V1H
V'ﬂ,\ = Vo\«\o w/ loch ‘re/WO\r‘?A8Q I, . 2A2 - .
- &
= ('ZA> (E ——j"l\ (;_"52-2___— Qourvect dwo ;A,.\ 3
é‘%\({“ 03) AIM A% TPowen: , -
Lo —20] = 2Ty V= 2= Rou— X
ik Z2,= 34l — 0737
— UV A c Sve — >
7-> Fron Zry T 0 flfg%) / "PMM*-' \lel:@lﬁ) =l;‘f2_&?
2y = S/ 543D (3. =

St8+6)
= 40 + 20y  =134/+ .7317)

— ,’ 9
I Answer: 3.415 - j0.7317Q, 1.429W




11.3 Effective or RMS Value (1)

i(1)

—_—

SR

Vet =

(b)

The total power dissipated by R is given by:

P:ijT iZRdt:EjT i%dt =17,R
T Jo T Jo

=
Hence, lIs equal to: |1, = \/ % jizdt = e
0

The rms value is a constant itself which
depending on the shape of the function i(t).

The effective value of a periodic current is the dc current that delivers
the same average power to a resistor as the periodic current. 10




11.3 Effective or RMS Value (2)

i(1)
. The rms value of a sinusoid i(t) = I ,cos(wt)
IS given by:
A I
I _ m

rms_\/z

The average power can be written in terms of
— the rms values:

Vet == § R

B P= %Vm |, cos(0,—0.)=V, cos (6, —6.)

ms Irms

Note: If you express amplitude of a phasor source(s) in rms, then all the

answers as a result of this phasor source(s) must also be in rms value. )



Example 4

A sinusoidal voltage having a max amplitude of 625 V is
applied to the terminals of a 50Q2 resistor. Find a) RMS
voltage. b) RMS current. c) Average power

S
D Vews = \%-_-.%—441.?v

L:B IYW\,s - VV‘WLs = Lt_kilg_.;( = 3-83? A

_ P39) = %%6 W
CLB (P = \/rms —-E»rm> @}(Qrwfjs ~_@'ﬂ¢(>(% ’ > —_—
O for restshe mly (eod

2 rR
Hso P=Vews - 4410 - 2906 O
T~ 50 —

=T . (r) = 3106 W

12
a) Vrms = 441.9V, b) Irms = 8.839A, c)P =3906W



11.4 Apparent Power and
Power Factor (1)

e Apparent Power, S, is the product of the r.m.s. values of
voltage and current (independent of their phase)

e It is measured in volt-amperes or VA to distinguish it from
the average or real power which is measured in watts.

P=Vis I €0s (8, —6;) = Scos (8, —6;)

= Vii T un coi(ov-63) \ J
> Y
S = va Lnes Apparent Power, S Power Factor, pf

e Power factor is the cosine of the phase difference between
the voltage and current. It is also the cosine of the angle

of the load impedance. = =N _V.26v _ | L(QV‘Q3>
LT Twse; T

13



11.4 Apparent Power and
Power Factor (2)

Purely resistive
load (R)

0—0.=0, Pf=1

P/S =1, all power are
consumed

Purely reactive ev_ ei = 4900, P =0, no real power
load (L or C) pf = 0 consumption
Resistive and ev_ ei >0  Lagging - inductive
reactive load 0_-0<0 load

V |

(R and L/C)

» _eading - capacitive

load

14




Example 5 Obtain the power factor and the
apparent power of a load whose impedance is
Z = 60 + j40 when the applied voltage is
160cos(377t+10°)

Go v 340 = 7201 £733.67

Z =
C’Pour'» ‘Q‘JJ?" MASCL
/Fowﬂ—\;wv\w = Cos('Q‘éQS: O.832l \433\3,\,93
ﬁ — D/ — ZéOLLOU — ’Z.‘Z] L_Lg‘éc,()
;— 72 . U2 3364

A
176, 8 VA ?"“"“" \
o\.,(,\

< = V. Tuw = <L60>(2‘2.\\ =
» < ) = (3369

= s\ = gas 10="236%) = [T0 ¥ cos( %7
=S %S(év QB ) w \AVTWJ

a) Power factor = 0.8321 lagging, b) S =176.8VA,c) P=147.1 W

15




11.5 Complex Power (1)

Complex power S is the product of the voltage and the
complex conjugate of the current:

—— V = leev | = Imlei

+ O

LLoad

¥ 7 S*"%VI*:V | /0,6

'ms

16



— ®
§: \EG/\AALQVBCL\MLO%Y‘ ?Z—L Vm-@i B

11.5 Complex Power (2)

=N 1

s "~ Ims

S=2VI" =V |y £0, -0,

Load

:>g:vrms Irrrs COS (ev_ei)_l_jvrms Irms sin (ev_ei)

5 N AN Y

Y Y
S= P 4] Q

P: Is the average power in watts delivered to a load and it is
the only useful power.

Q: is the reactive power exchange between the source and
the reactive part of the load. It is measured in VAR.
* Q = 0 for resistive loads (unity pf).
* Q < 0 for capacitive loads (leading pf).
* Q > 0 for inductive loads (lagging pf). 17




11.5 Complex Power (3)

+ O

—=S=V__1_cos®,-06,)+jV. 1 _sin@®,-6,)

)e _ J \ J
v s ~~ ~~

; S= P + ] Q

Apparent Power, S = |S| = Vrms*Irms = /p? 4+ @’
Real (average) power, P = Re(S) = S cos(6, - 6))
Reactive Power, Q = Im(S) = S sin(6, - 6,)
Power factor, pf = P/S = cos(6, - 6;)

18



11.5 Complex Power (4)

C—>
+
y \_
v L;dd N
S =
o
ac
et e
S Q |Z1 X
e e
PA WAOLY« A

Power Triangle

=S=V_1_cos®,-0)+jV. 1 _sin(®, —6)

Impedance Trianqgle

) J
'
+ Q
A
S +Q (lagging pf) -
’I-v\é\:c*w“‘ Lo:é
. L
e o5 ‘69\/
0,"_9'. [', _}’26
Cu?&ca\w‘- Locv"l
2 —Q (leading pf) @3 >6‘/
\
Power Factor 19




11.5 Power Triangle

Power Triangle Impedance Trianqgle




Example 6. Find the average power, the reactive power and the
complex power delivered by the voltage if v =6 cos (1000t) V

w = looD
1.5 kQ

P S/[w‘"" n3?)&’°'6>€ - —SAN\VN—r

| : T
= L - 16060 e
ZL J"" ( ';)O—sBI( IJB <_> ——033pF LH
2= Ly () ' |
= 5 (1493 "‘w?a :
= 2 e 41 Vs =2l o 8

V= 640 ) T = —— 7 Zae¥ et

FA _ ol
<- VI = (éLoYZ(HU Tqs) = 6osteel
=
- (pkof\/‘/) @-:.l—é‘ol\/p‘u-

21
P=6.04 mW, Q=6.01mVAR, S=(6.04+j6.01) mVolt-Amp



Draw the power triangle for example 6. What is
power factor? Power factor angle?

[ iy
& >0 —> 499! ‘“’)

-,-6'0' (FO‘—UQ’Q‘JV\: ,7018/

22
Pf=.7095, lagging. PFA =44.8 deg



11.6 Conservation of AC Power (1)

The complex real, and reactive powers of the sources
equal the respective sums of the complex, real, and

reactive powers of the individual loads.
|

P

e
v Z, Zs

(a) (b)
For parallel connection:
§=%VI_*: %\7(. + 1) _%T/E ;T/E _S+s

The same results can be obtained for a series connection. 23




11.7 Power Factor Correction (1)

Power factor correction is the process of increasing the
power factor without altering the voltage or current to
the original load.

—p
o o
v 'S ! Inductive V. Inductive | S ! L ¢
' ' load load E :
o o :
(a) (b)

Power factor correction is necessary for economic reason. 24




11.7 Power Factor Correction (2)

coa
// 80 it
m——
Qc - Ql - QZ
T =P (tan @, -tan @, “lao

=wCV?, V" Hw)"
T = ywC Ve

Q,=S,sin8, |c._Q _ P(tand,—tanb,)
=Ptan 0, OVire ® Vi

P=S,cos 6, Q,=Ptan 8; 25



Example 7. When connected to a 120-V (rms), 60-Hz line, a load
absorbs 4 kW at a lagging power factor of 0.8. Find the value of
capacitance necessary to raise the power factor to 0.95

- _ 0
/I)F=0»Y — Fﬁ,\, = G5 ﬁx) = 3(.87

—~
?F; '|— *.' S‘;Z: 4)(,(,'/
$o & s
= |\
]él -F _ Skw
\

@ 5 5 (e) = T e = 2
Qe

————\ 4000/.7{,‘;1?0
- a - a,c\QL - - -
C ?(—i%'i ) 377( ( 20)
6173:‘27 - %____/ — 3(0'5//‘,{);
B.= cov((40) =%’ =

C =310.5 uF



Example 8. Find the value of a parallel capacitance needed to
correct a load of 140 kVAR at 0.85 lagging pf to unity pf. Assume
the load is supplled by a 110 Vrms, 60 Hz line.’

Q?F-— ¢ —= J@,Cos[xﬂ

Mo le VAR Fa =3179°
,\&Q" ©P) 5&@75) = (46 VAV
140 >kV"‘
tan O, - tanOz \ s7 3171

—

‘:2)? - g COSCSL7?B - ZC,'f'?fCoj[?lv?‘l)

— 2259 kW = 2 2590 J

@ zlfﬁoo/ 6\4%/0> = BT

O’ -——@7,7> ['201) B

J
27

C =30.7 mF



11.8 Power Measurement (1)

The wattmeter Is the instrument for measuring the average

power.
M | + |
N, = e =
R : " Current coil
* o—WW—F +
v | +
= I . [ z,
° — Voltage coil % ul
N y
T(.) O
+
The basic structure Equivalent Circuit with load

if v(t) =V, cos(et+6,) and i(t)=1,cos(at+6,)
P = |V, ||l |COS (0, —6;) = 3V, I, cos (6, —6,)

Irms 28



Optional Support Material

29



Maximum Average Power Transfer

» Finding the maximum average power which can be transferred from
a linear circuit to a Load connected.

o L, 4>I
Linear 7
. . L
circuit - Vo Z;
O
a) Circuit with a load b) Thevenin Equivalent circuit

 Represent the circuit to the left of the load by its Thevenin equiv.

» Load Z, represents any element that is absorbing the power generated
by the circuit.

* Find the load Z, that will absorb the Maximum Average Power from
the circuit to which it is connected.



Maximum Average Power Transfer Condition

 Write the expression for average power associated with Z,: P(Z,).
Zin = Rep + 1 Xqy Z =R+ X,

2 R
_ VTh _ VTh P=1|||ZR _ |VTh| %
Lin+Z (R + 1 X))+ R+ 1X)) 2 ] (Rpy + R + (Xq, + X))
Ajust R, and X_ to get maximum P

P Nu[ R(Xpy+X0)

5XL [(RTh + RL)2 + (XTh + XL)Z:IZ

P Ml [(Rey R+ (Xgy + X )* = 2R (Ryy +R) |
R, 2[ (Ryy + R+ (X + X,

g =0= X, ==X 6)—P:O = R =
oX, OR,

Z =R + X =Ry, — Xy, =4y

[Rey” + (Xq + X )" =Ry,



Maximum Average Power Transfer Condition

* Therefore: Z, = Ry, - X7, = Z, Will generate the maximum power

transfer. . \V ‘2
« Maximum power P, P =-:-—F= Th
2 8RTh

» For Maximum average power transfer to a load impedance Z, we must
choose Z, as the complex conjugate of the Thevenin impedance Z.

ZL — RL T jXL — RTh - jXTh — Z*Th

P — ‘VTh ‘2
max 3 RTh




Maximum Average Power Transfer

» Practice Problem 11.5: Calculate the load impedance for maximum power

transfer and the maximum average power.

—j4 Q2 j10Q
——w
S
2 @22 =so
P.P.11.5 We lirst obtain the Thevenin equivalent circuit across £, . L, 18
obtained from the circuit in Fig. (a).
-j4 €2 j10 Q)
Ic T000° .
z'l]1
8 50 Pra—
.
(3HB+ j6)

Zy =5 (8 jd+il0)=




Handouts
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Example 1

Calculate the instantaneous power and average
power absorbed by a passive linear network if:

v(t) = 80cos (10t +20°)
1(t) = 15sin (10t + 60°)

35
Answer: 385.7+600cos(20t —10°)W, 387.5W



Example 2

A current | =10£30°flows through an
impedance Z=20/-22°Q . Find the average
power delivered to the impedance.

Answer: 927.2W

36



11.2 Maximum Average Power Transfer

Example 3 For the circuit shown below, find the load impedance Z;,
that absorbs the maximum average power. Calculate that maximum
average power. _i4Q 1100

| 2114

8 Q @ 24 5Q Z,

37
Answer: 3.415 -i0.7317Q, 1.429W



Example 4

A sinusoidal voltage having a max amplitude of 625 V is
applied to the terminals of a 50Q2 resistor. Find a) RMS
voltage. b) RMS current. c) Average power

38
a) Vrms = 441.9V, b) Irms = 8.839A, c)P =3906W



Example 5 Obtain the power factor and the
apparent power of a load whose impedance is Z =
60 + j40 when the applied voltage is
160cos(377t+10°)

39



Example 6. Find the average power, the reactive power and the
complex power delivered by the voltage if v =6 cos (1000t) V

1.5 kQ

—A\W

O

—0.33 pF 1 H

40

P=6.04 mW, Q=6.01mVAR, S=(6.04+j6.01) mVolt-Amp



Draw the power triangle for example 6. What is
power factor? Power factor angle?

Pf=.7095, lagging. PFA =44.8 deg

41



Example 7. When connected to a 120-V (rms), 60-Hz line, a load
absorbs 4 kW at a lagging power factor of 0.8. Find the value of
capacitance necessary to raise the power factor to 0.95

C =310.5 uF



Example 8. Find the value of a parallel capacitance needed to
correct a load of 140 kVAR at 0.85 lagging pf to unity pf. Assume
the load is supplied by a 110 Vrms, 60 Hz line.”

43
C =30.7 mF



