Lecture 10
Chapter 9
Sinusoids and Phasors
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9.1 Motivation (1)

How to determine v(t) and i(t)?

= n=V, sin(é; ¢) +

v,=10 cos 4t (X 0.1F = v

How can we apply what we have learned before to
determine i(t) and v(t)?



Sinusoidal Signals

e Broad Applications

— Fourier Series: Fundamental basis for more
complicated signals

— Filters: pass or reject sinewaves of certain
frequency

— Signal processing: how to extract desired
information from mix of signal plus noise

- Radio, Radar, Lasers, TV, Microwave, Cell
phones, AC Generators, Piston engines:
e All express waveforms based on sinewaves
e Often complex numbers used to represent/analyze



9.2 Sinusoids (1)

e A sinusoid is a signal that has the form of the
sine or cosine function.

e A general expression for the sinusoid,
(1) A v(t) =V, _ sin(at + @)
V., - /
0 “\/m\/ln >
Ve L

i

(a)
where

Vm = the amplitude of the sinusoid
w = the anqgular frequency in radians/s
® = the phase



9.2 Sinusoids (2)

A periodic function is one that satisfies v(t) = v(t + nT), for
all t and for all integers n.

vy =V, sin wt

v, =V, sin(wf + §)

e Only two sinusoidal values with the same frequency can be
compared by their amplitude and phase difference.

o If phase difference is zero, they are in phase; if phase
difference is not zero, they are out of phase.




Example 1

Given a sinusoid, 5sin(4 —60°), calculate its
amplitude, phase, anqgular frequency (w, rad/s),

A Szn(w & 4—¢)

A= s
gé:——éo"
N_'zn":_.L-S
T=% " 9 %
?: ___l:_—- = X H=

Amplitude = 5, phase = -60°, angular frequency = 4nrrad/s,

Period = 0.5 s, frequency = 2 Hz.

period, and cyclical frequency (f, Hz).

s s (¥ ¢ —Go°)
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Example 2

Find the phase angle between i, =—4sin(377t + 25°)
and i, =5cos(377t —40°), does i, lead or lag i,?

|> Convert )‘, +v co S

sy, = —d s (377 ¢ +25°)

e

= -4 s (3776 +2.s’—@o>
(180 domy  phase s\ weels = SGm )

= 4 cos (3’771,— 1"2_5’—/—?0) = "/605(37761'-115')
D) Sobbees @ — ba = Uy -CHH= 1557
» e

¢/ has  langen géw,\?&

i, leads i, by 155°. 8



Complex Numbers

e \What if we want to add two sinusoids?
-V(t) = 5cos(377t + 45 ) + 7sm(377t - 60)
- Trig Identity:

siniu 4+ sinv = 2sin ('u. ;_’U) COS (u ; U)

- Not very pleasant!

e To deal more effectively with sinusoidal
signals we will learn a new tool:

— Complex Numbers




Complex Numbers,Intro (video)

O(f‘;)‘.v' . Veoés oc poLo,V\om(JS
xz -Pol = O

& = —9 (maj \(,wwuk O\,LA'

X = = ﬁ _) = /-1 ( for Eécf’ghj"‘)
x =ty ﬁ

¥ = = J'?)

)=~
— Bzé ( - Mafﬁ/féqszb)

—  Coreek for Llct &hs s
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http://www.rose-hulman.edu/CLEO/video/player.php?id=57&embed

Complex Nums - Rectangular

’D\zc hmlaw p"":‘ TLL COWpl-b)t P[au
Vb= (T giere)
o+ ) = N 41 L 244
J J 1
Q{C\A} (e () T
S 6w~ LfX&wplgl ~5+0) . : -EL" : i—(RmI)
2+ z"s ’a:)
34+ 0y = 3
2)

Rechuolar Conrdiiates
()

C¥a A\ > = QﬂQC“)) \
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Complex Nums - Rectangular
adding and subtracting (video)

Addie & Sc b bachig
(a+ 1) (cryd) = (aed + 5(bed)

(3-2)) — (i+ %) = [zt 105 |
2s (1o = (30D ¥ (3rEN=6F ) |
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http://www.rose-hulman.edu/CLEO/video/player.php?id=58&embed

Complex Nums — Rectangular
MuItipIying (video)
Mulhpl%.q

0se Lnlolmd “FoiL
@+ 2i)(1-3)) = 3 =93+ 25-65%

e ‘;-75#6

meg U d

COWQ\M C@ wb‘o O)q,\-'e

: * — -2
W= 2t 3y 5 W 273
'L)\roévd of V™ and V\*;

“was&kczas
/\A./\
(2+3))(2-3)) = 4f 6)—=6y= 9"

—

N—

A]I-I-Oj-l'c?

= RanQ
- \}L (z&wo.oés B 13
= o b


http://www.rose-hulman.edu/CLEO/video/player.php?id=58&embed

Complex Nums — Rectangular
Dividing (video)
Divding - V\/Lu\{-;p\ta wons - dev by owplx Gy £l
(iv2)) C_’_ﬁ'b) (E:Q
(3-3> €33 Y
(2+ %6y * 23D
T+3-3 -4
_ (3D + CLr6)y
A+ (3730

|

1+ Ty .
10
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http://www.rose-hulman.edu/CLEO/video/player.php?id=58&embed

Complex Arithmetic (Rectangular)

Given:

a =3+ 4j

b= -5 + 6j

Find |
a+b = (’S+‘~(d){/(-(+é$‘>: —9”*'\0‘)
a->b = C3+%‘6\~<'§+65S: ] —15
a*b = C‘S-\-L\B\(VS.‘FQ‘D} = —Is ‘l'l?&—- 205 43\)[51

— _3‘1—2—3

~(s 18 -20) — 2457 - 93 )

= (2+4)) (-5-6Y)
a/b (2+4)) ( _ .

- Ly - ,z_
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Complex Numbers - Polar (video)
COMP(W Avm Ser a )\.> carn e ‘repw,seu\\tea( S

’Fa\cur coov-d \\a\e g

\w—
° T4
Y )
N

‘Y‘L@l

(78

3L -4S

|

Re

)ds

3,48

3
72

340

34135

I35°
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http://www.rose-hulman.edu/CLEO/video/player.php?id=55&embed

Conversion: Rect to Polar (video)
Cgovwea{ Rect ‘o Pola Fovu~

U~ 2
! (o\+3\p) of + L=
L T FW
y > 4tan©® = %/
e ) o- e(2)|
\/Y—'/g\ RO. g
= Carelfl !
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http://www.rose-hulman.edu/CLEO/video/player.php?id=55&embed

Conversion: Rect to Polar (video)

EX&MbLe) \r 4
BRI B ©

=Y %4y = 5 \ 2

o = .,L:a,\:\Ci/-B:'- §3.)°

. BHYy = "545'3'/: \\\« Geve.t

/ O= +tal'(2)

E—X‘&v“”p Ll‘_ /

— 3 —L{b 3 |/)° 0\&-( L 0
4‘?/ O=+ (q> %o

c = /&3t (Y =8

Feound wvoﬂ G‘)l.

0= 531 180" = 233.)°

B

—-3~‘é‘) — $/49%)°
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http://www.rose-hulman.edu/CLEO/video/player.php?id=55&embed

Conversion: Polar to Rect (video)
Convert PUlM +o Reclb Toru—

q+;)\= 5&6 = 5

Cm—

L L
’ i‘o L= - s O |

' a Cos @ = 9&
0\ —
[«= c«so|

o + 3\3 = rCos® t 5"3;“‘6

= V‘(c«:s@ + 533'«63
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http://www.rose-hulman.edu/CLEO/video/player.php?id=55&embed

Fuler’'s Formula (video)

g\/,e" .5 T:B\fm,vla,

6A@= Cos O + As‘w\@

3 ways b express @wplay wombas W

nN= &+ SL = ves©® t (©swe© ( Q-QCW_%NE“B
— \[\(CDSG + 3 S\ @)
= Be EX pohe el
e ( ¢ .

= &9 QD"\‘*"'\:WK
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http://www.rose-hulman.edu/CLEO/video/player.php?id=55&embed

Polar to Rect (and back)

e Converta=2-3jand b = -4 + 5j

- to polar form: - >__
B T (T IRt - alc

= 34l L-56.3° _
L= -4+5, =7 ey + (" =741 = é.‘io)é=£au"(_-,1—)=-§..‘s+(8o

= 640[_1&7 - e
e Convert ¢ = 2<30°and d = 4<200°

—To rectangular form
C= 2,30° = 2 w330 t j2swm3o = |73 &

d: A)[42,000 = 4(9»52,00 + ;)LtS;L.Zﬁ() = —3~7§~|.3734
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Complex: Add/Multiply in Polar

3 Forms Form (video)
. “ | |
+ \.>= Z 06 ) ‘)9 AFS
o _\/ 36 Aédﬁ" V'LC’)+SL¢—‘— re + Se |
= e N ——~>\ Convert o Rechuvada— _/
' Hoe add B

ol N W WU
N\UH’IP\‘?(\W‘L . Ul Cote N2 loss °‘(;2¢¢(>o L oo = o

(\r/.@\}[sz_dﬂ = V‘Q;\es@:‘w): \,‘SQACe t @)

= sl (e +¢)\
(gL"lS'>(-a4|§5 = —6460 = L a¢o
", ‘z«lo
N6o = D

: -
Ve P
|


http://www.rose-hulman.edu/CLEO/video/player.php?id=56&embed

Complex: Divide in Polar (video)

. ~ W =k~
-D'V‘J“"l CSea (c\_,w c-C @)(@al/\.&v\«(’) c\a% O~ = O
WA
\L£LE ese . 5(9-95) -
= — - — =
se’? s < ‘5’4(®°¢)
Sz
3445 = 2 y(ds-i5) = (.S L3
e 2 -
> 215
| 1 z206° — 1 ; (0_10> - 1., 0
— 2 2
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http://www.rose-hulman.edu/CLEO/video/player.php?id=56&embed

Summary: Mathematic
operation of complex numbers

http://www.1728.com/compnumb.htm

Addition )+ 2, = (X + %)+ J(Y. +Y2)
Subtraction 2 =2, = (X = %)+ J(Y1 —Y2)
Multiplication 2,7, =1L, Z¢ + ¢,
Division ;_l::_l Lo~
Reciprocal Zi=r£4_¢

Square root JZ =t 24/2

S - R

Complex conjugate > _y_jy=r/—gp=re ¥

8. Euler’s identity e*1’ —cosg+ jsing 24


http://www.1728.com/compnumb.htm

Polar Complex Mult/Div

Given:
c = 8<45
d = 12<250

Find o
c*d = 6Lq§>(lLLZw3 = 96 L 2195

c/d = B8<45 = Z-B_L(K—zsv)=§:/_—w’=§-ms-s’

\2 4L 80 —
‘*";3

- o
c* (complex conj of ¢) = (§24s) = Feosis — (8945
= Beos9s) +ybsm(Zyg) = ¥ {45 25




Example 3 Calculator Demo!
e Evaluate the following complex numbers:

3. [+ j2)(—1+ j4) —-5260°]

10+ j5+3.240°
—3+ 4

+10/30°

Solution: a. -15.5 + j13.67 b. 8.293 +j2.2



http://ptolemy.eecs.berkeley.edu/eecs20/berkeley/phasors/demo/phasors.html

9.3 Phasor (1)

AelPeivt

e A phasor is a complex
number that represents the
amplitude and

hase .
(at t=0) of a sinusoid: ‘\ /‘Ae”’b

Acos(ot + ¢ ) < Apl? < ALY

_A A

e It allows us to perform math
on sinusoids of the same

-
frequency by using a N

complex number om |
representation — much » t

easier than trig identities!!

27


http://ptolemy.eecs.berkeley.edu/eecs20/berkeley/phasors/demo/phasors.html

http://ptolemy.eecs.berkeley.edu/eecs20/berkeley/phasors/demo/phasors.html

9.3 Phasor (4)

e Transform a sinusoid to and from the time
domain to the phasor domain:

v(t) =V, cos(at +¢9) —— V =V_ /¢
(time domain) (phasor domain)

e Amplitude and phase difference are two principal
concerns in the study of voltage and current sinusoids.

e Phasor will be defined from the cosine function in all our
proceeding study. If a voltage or current expression is in
the form of a sine, it will be changed to a cosine by
subtracting 90 degrees from the phase.

e Note, ¢ is the phase angle of the cosine at t=0

28


http://ptolemy.eecs.berkeley.edu/eecs20/berkeley/phasors/demo/phasors.html

Example 4 93 PhaSOr (5)

Transform the following sinusoids to phasors:
| = 6cos(50t — 40°) A
v = -4sin(30t + 500) V

I = 6 L —40 A ( ‘:a (wS—F.sz>
—Gw- v, Convert to @os(t‘tw{ cosce -
9= —4 sie (30t +30) = —H cos(Fot+55 -

I

Y cos( 3ot T Sb#?o)

A = “4Lld4o V

I=6/—-40° A vV =4.,140°V 29



Bamples: 9.3 Phasor (6)

Transform to sinusoids the phasors:
a. V=-10£30°V

b. 1 =j6-j12) A
&B u[#): — ] 0 Cos (wé + 30"3
Oy = 1o cos (wh + ")

\b\ l= S(s’— :)\a)t 53—;\111-: D.+S’S
= |32 aa6°
’;(-63 > [3 ¢cos éw t + 22 éo) A

v(t) = 10cos(wt + 210°) V,  i(t) = 13cos(at + 22.62°) A



9.3 Phasor (7)

The differences between v(t) and V:

v(t) is instantaneous or time-domain
representation
\V is the frequency or phasor-domain

representation.
v(t) is time dependent, V is not.

v(t) is always real with no complex term, V is
generally complex.

: Phasor analysis applies only when frequency is

constant; it is applied to two or more sinusoid signals
only if they have the same frequency.

31



9.3 Phasor (10)

e we can derive the differential equations for the following
circuit in order to solve for v (t) in phase domain V,.

60 ©
—A\MA

SH

=

20 cos (47— 15°) Ci) 10 mF =

d’v, 5dy,
+_—
dt> 3 dt

+20v, = —4—(?303in(4t —-15°)

e However, the derivation may sometimes be very tedious.

Is there any quicker and more systematic methods to do it?

32




9.3 Phasor (11)
The answer is YES!

Instead of first deriving the differential equation
and then transforming it into phasor domain to
solve for V, we can transform all the RLC
components into the phasor domain first, then
apply the KCL laws and other theorems to set
up a phasor equation involving V, directly.

But what does an R, L or C look like in the
Phasor Domain??



Resistors in the Frequency
(Phasor) Domain

e Ohm's Law, Time Domain

r\’: s R\

S ppese 3(¢6)= I_'w\c"s(Wt +¢>
Hoor o(t) = R'Iu,\cos(uﬁ +¢)

e Ohm's Law, Frequency Domain
T = Twed
V =~ RE - RT.<¢
N Same efSCect an b donmman

34



Inductors in the Frequency
(Phasor) Domain

e Inductor Law, Time Domain |V= L d» \

SUPP":’C )[é) = IM C_o$/¢u& +¢)
Hew V() = & = L To s wi +8)

d v
= —w LT Cos(wé+@—2) ™ add 176’

= co L T L CeSCbu{' +-¢ 1"905

e Inductor Law, Frequency Domain
=T, <¢«9¢
V = ol Tu L@ +90) = L"LI“"C.

J .
— wlL Iw\e”‘@’: wl T, e ®:J“0L~I

[V JW ‘— I Same as J 35

3(P+90)




Capacitors in the Frequency
(Phasor) Domain

e Capacitor Law, Time Domain \5 = C—i_\’;

Scppese VCE) = Vuacos(wb +0)

e 500 = Cde = —wC Vasin(wt 4)
d

= wC Vu cos(wb +¢ + 90 )
e Capacitor Law, Frequency Domain

T = Ve <9
¥ = chV ( sawe deagpe as IuiucAwB

el

Thow fore. T = L o JVH S

=

36



9.4 Phasor Relationships
for Circuit Elements (1)

~ Resistor: Inductor: Capacitor:
O— O— o— o— o— o——
+ + -+ + + +

v §R V §R v %L AV %L v =l A%

o o o—— o—— o—— o———
v=iR V=IR i V = joll e I=joCV
dt dt
(a) (b) (a) (b) (@)
Im A Im A Im A
\Y%
w w
y N , g
I | \%
¢ ) b




9.4 Phasor Relationships
for Circuit Elements (2)

Summary of voltage-current relationship

Element Time domain Frequency domain
R V = Ri V =Rl
L di
v=L— —
di V = oLl
¢ i—cd Vel = T

JoC e

38



Example 7A

If current i(t) =5 cos(100t + 30°) mA is applied to a 2 mH
iInductor, calculate the voltage, v(t), across the inductor.

U = Jwl L = Jleo)(002) (5432
= J(/L?O>
= éz.%)((c.%o = 1L 120°

2 o) = ces (et + 200)  V

39
Answer: V(t) = cos(100t + 120°) V




Example 7B

If voltage v(t) = 6cos(100t — 30°) V is applied to a 50 uF
capacitor, calculate the current, i(t), through the

capacitor. T - I ) T - ¥

——

JwC
W = 00, C=s’0xw" ) =643
T = | (zoo)(svxvo">(é £=30)
— “)(.03 4—303
— QL%)(¢03 -%) = .034_[-301“?0)
= ,063 A4 60 A

S )(—6) = ‘30 ccs(l%-é +€063 m A

40

Answer: I(t) = 30 cos(100t + 60°) mA




9.5 Impedance and Admittance (1)

» The impedance Z of a circuit Is the ratio of the phasor
voltage V to the phasor current |, measured in ohms Q.

Z=¥=R+M
where R = Re, Z is the resistance and X = Im, Z Is the

reactance. Positive X is for L and negative X is for C.

« The admittance Y is the reciprocal of impedance,
measured in siemens (S).

i_1
Z V ’




9.5 Impedance and Admittance (2)

Impedances and admittances of passive elements
Element Impedance Admittance
R 1
_ Y ==
L . 1
— Y =—
= oL ol
joC C

42



9.5 Impedance and Admittance (3)
e— w=0;Z=0

L Short circuit at dc
— I =
Z = jal —o o— .
Open circuit at W —> 0O, Z —> 00
high frequencies
(a)
—0 o—  @=0;Z->w
C Open circuit at d¢
K -
Z _ 1 O O
= —Ja)C Short circuit at a) —> OO, Z = O
high frequencies
(b)

43



9.5 Impedance and Admittance (4)

After we know how to convert RLC components
from time to phasor domain, we can transform

a time domain circuit into a phasor/frequency
domain circuit.

Hence, we can apply the KCL laws and other
theorems to directly set up phasor equations
Involving our target variable(s) for solving.

44



Example 8 determine v(t) and i(t). k%0

—
(B —FMJ EL © AVATAAY,
+
L7 JWL . v, =5cos(10t) 02H < v
= 5(|D)(11>: JQ —
D) Fnd 2o | °
2 = d+ 2. = T |
35 ’F\WA P\,\Asov W; = gA Oo o
\ '-C. d I — y’ = S<o
{LOD 0 T
I = — /2 = Sc¢o )
< 722t L tai'(%) = [11g £ —26.5

447 £26.57°

Vs = I'U%COS(tob-ac‘%‘S
S'\> UDse Olun's Law to s I = T ’ZL‘:@"S’L‘QGS")(\%}

= 2L.ad =£(-3.so f?dB_‘: —‘1(7.‘(4— G?JéSo

e

Answers: i(t) = 1.118cos(10t — 26.56°) A; v(t) = 2.236¢c0s(10t + 63.43°) Vg/




9.6 Kirchhoff’s Laws
in the Frequency Domain (1)

« Both KVL and KCL hold in the phasor domain
or more commonly called frequency domain.

 Moreover, the variables to be handled are
phasors, which are complex numbers.

 All the mathematical operations involved are
now in complex domain.

46



9.7 Impedance Combinations (1)

« The following principles used for DC circuit
analysis all apply to AC circuit.

* For example:
a. voltage division
b. current division
C. circuit reduction
d. impedance equivalence
e. Y-A transformation

47



9.7 Impedance Combinations (2)

Example 9 Determine the input impedance of the circuit in

figure belc?w atw=1Q rad/s. 2mF 200 ) H
£ = = T =5y vy

—J
L w C 10(’ 00 "> Zin <ct .
o 2 —— 4mF 50 Q2
T T
zCL-z ._-‘3’— - __‘) = -a{A
Wl ofioot)
Z L= Jwb = jlex) = 20y 7
. : /
€)= 2Zca ((CZL.'f' ) = —aq“(ﬂnao ) = (asy)(s24203)
\ ~AS\ 4+ $2+ 20+
— ceo— 1as0) (o4 5)) 2 FRE
— = 31250 —69, 000, — 133723
so -5y (so+S;) 25a2¢ B )

ZTobel = Z ||t et 20 = 1337 430 —2390) — 503 = 32.,37-37376
48

Answer: Z,, = 32.38 - |73.76




The circuit is operating in the sinu-
EX 1 O soidal steady state. Find the steady-state expres-
sion for v,(¢) if v, = 64 cos 80007 V.

B s Z 31.25 nF
3000 (31, 2)')(/0
z(/ - — %OOOJ
D Fs 3= (DD
Z, = e ‘—Kboo‘s

3) L, = 6440
‘*3 \}oumaapﬁDwt&b-\ m E“*%
TRIOS ENTGS

£ 7
~KL, = (1 Goo + QOOQB Ij ’(fJ}(G"/LO = 34170

/1600 + 800} ~Haoy ) Ve C_e‘) = 3qcos(§® ¢ r %)
49

vo(t) = -32 sin(8000t) (or 32cos(8000t + 90) )



Handouts

50



Example 1

Given a sinusoid, 5sin(4 —60°) , calculate its
amplitude, phase, anqgular frequency (w, rad/s),
period, and cyclical frequency (f, Hz).

Amplitude = 5, phase = -60°, angular frequency = 4r rad/s, £1
Period = 0.5 s, frequency = 2 Hz.



Example 2

Find the phase angle between i, = —4sin(377t + 25°)
and i, =5cos(377t —40°), does i, lead or lag i,?

i, leads i, by 155°, 52



Complex Arithmetic (Rectangular)

Given:
a=3+4j
b= -5+ 6]

Find

a+b

53



Polar to Rect (and back)

e Converta=2-3jand b = -4 + 5j
—to polar form:

e Convert ¢ = 2<30°and d = 4<200°
—To rectangular form

54



Polar Complex Mult/Div

Given:
c = 8<45
d =12<250

Find
c*d

c/d

c* (complex conj of c)

55



Example 4 93 PhaSOI‘ (5)

Transform the following sinusoids to phasors:
| = 6cos(50t — 40°) A
v = -4sin(30t + 500) V

I=6/—-40° A V =4,140°V s6



eamples: 9.3 Phasor (6)

Transform to sinusoids the phasors:
a. V=-10£30°V
b. 1 =j6-j12) A

v(t) = 10cos(at + 210°) V,  i(t) = 13cos(at + 22.62°) A >’



Example 7A

If current i(t) =5 cos(100t + 30°) mA is applied to a 2 mH
iInductor, calculate the voltage, v(t), across the inductor.

Answer: V(t) = cos(100t + 120°) V

58



Example 7B

If voltage v(t) = 6cos(100t — 30°) V is applied to a 50 pF
capacitor, calculate the current, i(t), through the
capacitor.

Answer: I(t) = 30 cos(100t + 60°) mA

59



example 8 determine v(t) and i(t). N T

v, =5c0s(10t) 0.2 H

Answers: i(t) = 1.118cos(10t — 26.56°) A; v(t) = 2.236¢c0s(10t + 63.43°) V




9.7 Impedance Combinations (2)

Example 9 Determine the input impedance of the circuit in
figure below at w =10 rad/s. 5 mME

20 Q 2 H
—WA

R - 50 Q

61
Answer: Z,, = 32.38 - |73.76




Ex 10

The circuit is operating in the sinu-
soidal steady state. Find the steady-state expres-
sion for v,(¢) if v, = 64 cos8000¢ V.

31.25 nF
|
I\

—@

Vg § 2 kQ) Vo< 500 mH

@

62
vo(t) = -32 sin(8000t) (or 32cos(8000t + 90) )



